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ABSTRACT 

Calculated values of the acoustic velocity are presented graphically 

for single-camponent and two-ccqonent two-phase mixtures. 

void fraction o r  quali ty,  tempratwe, and system pressure are i l lustrated.  

Effects of 

Because of the inherent vapor formation i n  crycgenic equipent,  and 

due to the importance of two-phase conditions i n  space applications, 

acoustic velocity values were  determined for two-phase mixtures of so= 

of the cryogenic fluids used i n  propulsion systems of space vehicles. 

was prcanpted by consideration of previously published information on 

This 

acoustic velocit ies of two-phase fluids which dmnstrated the need for  

further study. 

Three different analytical d e l s  were employed. Model 1, which 

incorporates an assumption of then-mdynamic equilibrium, is applicable 

only to single-corrqpnent two-phase mixtures. 

an assumption that  the pressure disturbance travels through the medium 

without any change in the relat ive masses of the two phases, are primarily 

applicable t o  two-component two-phase mixtures. Hwever, for purposes of 

ccsrrparison, a l l  three models were used i n  making calculations for  single- 

component, two-phase mixtures of oxygen, nitrogen, and parahydrqen. 

Model 2 was used for  rnaking calculations for two-cmpnent, two-phase 

mixtures of oxygen and helium and of hydrogen and helium. 

the results are shown graphically so that the effects  of variations in 

qual i ty  or void fraction, temperature, and pressure are i l lustrated.  

Models 2 and 3 ,  which involve 

In all cases, 

The acoustic velocity values presented for two-component mixtures 
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should be useful for  design purposes. 

for single-cmpnent mixtures dictate a need for e x p e r h t a l  work i n  this 

area to determine the analytical 

Deviations in the various valws 

1 Which best describes the actual 

physical behavior. 
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INTRODUCTION 

I n  r e c e n t  y e a r s  e x t e n s i v e  a t t e n t i o n  h a s  been  f o c u s e d  on t h e  

s t u d y  of two-phase f l o w ,  a fac t  c l e a r l v  e x e m p l i f i e d  bv t h e  expand- 

i n g  number of p u b l i c a t i o n s  a p p e a r i n g  i n  t h i s  area. Coo l ing  t o w e r s ,  

steam t u r b i n e s ,  and various c;burUical p r o c e s s e s  are  t y p i c a l  examples o f  

a p p l i c a t i o n s  where t h e  s i m u l t a n e o u s  f low of a l i q u i d  and a gas or  

a l i q u i d  and i t s  vapor  o c c u r .  The a d v e n t  o f  n u c l e a r  reactors 

s e r v e d  t o  f u r t h e r  promote i n t e r e s t  i n  two-phase f l o w  phenomena. 

Because of t h e  a l m o s t  i n h e r e n t  phase  changes  of c r y o g e n i c  f l u i d s  

due t o  heat t r a n s f e r , c r y o g e n i c  e n g i n e e r i n g  h a s  a l s o  a t t rac ted  con- 

s i d e r a b l e  a t t e n t i o n  t o  two-phase f low.  P r o p e r t i e s  o f  c r v o q e n i c  

f l u i d s  have been g a i n i n g  even h i g h e r  l e v e l s  o f  impor t ance  as a 

r e s u l t  o f  t h e  u t i l i z a t i o n  of t h e s e  f l u i d s  i n  t h e  area of s p a c e  

e x p l o r a t i o n .  A p r o p e l l a n t  supp ly  sys tem i s  one p a r t i c u l a r  a p p p l i c a -  

t i o n  i n  t h i s  area where two-phase m i x t u r e s  mav o c c u r  due t o  h e a t  

t r a n s f e r  as well as c a v i t a t i o n .  

P r e s s u r e  d r o p ,  h e a t  t r a n s f e r  c h a r a c t e r i s t i c s ,  and f low rate  

p r e d i c t i o n s  are t y p i c a l  e n g i n e e r i n g  problems which become more 

compl i ca t ed  w i t h  t h e  appea rance  o f  two p h a s e s .  The mixing o f  a 

r e l a t i v e l y  s m a l l  amount o f  gas o r  vapor  w i t h  a l i q u i d  changes  an 

i n i t i a l l y  i n c o m p r e s s i b l e  s i t u a t i o n  i n t o  a c o m p r e s s i b l e  one:  con- 

sequently, t h e  s t u d y  of two-phase m i x t u r e s  l e a d s  d i r e c t l y  t o  t h o s e  

p a r a m e t e r s  which c h a r a c t e r i z - e  c o m p r e s s i b l e  f low.  One of t h e  

s i g n i f i c a n t  p a r a m e t e r s  u s e f u l  i n  u n d e r s t a n d i n g  t h e  n a t u r e  o f  

s i n g l e - p h a s e  c o m p r e s s i b l e  f low i s  t h e  a c o u s t i c  v e l o c i t y .  T h i s  

suggests  t h a t  t h e  a c o u s t i c  v e l o c i t y  may have a s imi l a r  prominence 

i n  t h e  s t u d y  of two-phase m i x t u r e s .  
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The p r e s e n t  i n v e s t i g a t i o n  was unde r t aken  f o r  t h e  pu rpose  of 

c a l c u l a t i n g  t h e  a c o u s t i c  v e l o c i t i e s  o f  two-phase m i x t u r e s  of c e r t a i n  

c r y o g e n i c  f l u i d s  u s i n g  models which have  a l r e a d y  been discussed 

i n  t h e  l i t e r a t u r e  f o r  t h e  case of  water mixed w i t h  var ious g a s e s .  

The r e s u l t s  o f  t h e  computa t ions  were t o  serve as u s e f u l  d a t a  i n  

t h e  more comprehensive s t u d y  o f  t h e  f low c h a r a c t e r i s t i c s  of pro-  

p e l l a n t  s u p p l y  sys t ems .  I n  p a r t i c u l a r ,  a c o u s t i c  v e l o c i t i e s  w e r e  

t h o u g h t  t o  b e  of  s i g n i f i c a n t  v a l u e  i n  t h e  s t u d y  of choked f l o w  

which i s  d i s c u s s e d  i n  more d e t a i l  i n  a s u b s e q u e n t  s e c t i o n  of  t h i s  

study and part 111 of t h i s  f i n a l  report. 

P r e s e n t e d  i n  t h i s  r e p o r t  are t h e  r e s u l t s  o f  t h e  computa t ions  

o f  a c o u s t i c  v e l o c i t i e s  f o r  two-phase m i x t u r e s  o f  p u r e  n i t r o g e n ,  

oxygen, and parahydrogen  as w e l l  as t h e  r e s u l t s  of computa t ions  

u s i n g  a p a r t i c u l a r  model f o r  oxygen-helium and hydrogen-hel ium 

m i x t u r e s .  Three  c o m p u t a t i o n a l  models are compared f o r  s i n g l e -  

component m i x t u r e s  o f  n i t r o g e n  , oxygen, and parahydrogen .  The 

r e s u l t s  emphasize t h e  need  f o r  a d d i t i o n a l  e x p e r i m e n t a t i o n  i n  t h e  

d e t e r m i n a t i o n  o f  a c o u s t i c  v e l o c i t i e s  i n  two-phase m i x t u r e s  i n  

o r d e r  t o  p r o v i d e  b e t t e r  u n d e r s t a n d i n g  of  t h e  p h y s i c s  of two-phase 

f low s i t u a t i o n s .  T h i s  would be  a p r e r e q u i s i t e  t o  b e t t e r  d e s i g n  

o f  sys t ems  where a c o u s t i c  v e l o c i t y  data  is fundamenta l .  

CRITICAL FLOW OF TWO-PHASE MIXTURES 

One of t h e  i n t e r e s t i n g  as w e l l  as i m p o r t a n t  f e a t u r e s  a s s o c i -  

a t e d  w i t h  s i n g l e - p h a s e  compress ib l e  f low i s  t h e  phenomenon o f  choking.  



For  s p e c i f i e d  i n l e t  c o n d i t i o n s  and f ixed.  f low-passage  geometry ,  

a n a l y s e s  show t h a t  t h e  f low rate  i n c r e a s e s  as t h e  e x h a u s t  p r e s s u r e  

d e c r e a s e s  u n t i l  u l t i m a t e l y  a maximum f low rate  i s  ach ieved .  When 

t h i s  c o n d i t i o n  o c c u r s ,  a d Z i t i o n a 1  d e c r e a s i n g  o f  t h e  e x h a u s t  p r e s s u r e  

does n o t  a f f e c t  t h e  f low rate.  The f low,  t h e r e f o r e ,  i s  s a i d  t o  be 

choked,  a c o n d i t i o n  a l s o  r e f e r r e d  t o  i n  t h e  l i t e r a t u r e  as c r i t i c a l  

f low or  m a s s - l i m i t i n g  f low.  A q u a l i t a t i v e  i l l u s t r a t i o n  of  t h i s  

t y p e  of b e h a v i o r  i s  p r e s e n t e d  i n  F i g u r e  1. An e x a c t  q u a n t i t a t i v e  

r e p r e s e n t a t i o n  aepends upon t h e  p a r t i c u l a r  f l ow s i t u a t i o n .  Fo r  

example,  t h e  p r e s s u r e  r a t i o  a t  which t h e  f low r a t e  f i r s t  r e a c h e s  

i t s  maximum v a l u e  f o r  t h e  c a s e  of  an  i d e a l  gas f l o w i n g  i s e n t r o p -  

i c a l l y  th rough  a conve rg ing  p a s s a g e  depends o n l y  upon t h e  r a t i o  

of  t h e  s p e c i f i c  h e a t s  of t h e  g a s .  Fo r  t h e  case of  an i d e a l  gas 

f lowing  a d i a b a t i c a l l y  th rough  a c o n s t a n t  area p i p e  w i t h  f r i c t i o n ,  

t h e  p r e s s u r e  r a t i o  a t  which t h e  f low r a t e  f i r s t  r e a c h e s  i t s  maximum 

v a l u e  i s  a f u n c t i o n  of  t h e  f r i c t i o n  f a c t o r  as w e l l  a s  t h e  geometry.  

E x t e n s i v e  t r e a t m e n t  of t h i s  t y p e  of g a s  b e h a v i o r  can be found i n  

v a r i o u s  t e x t s  on c o m p r e s s i b l e  f l u i c ?  f low such  as t h e  one by 

S h a p i r o ( l ) ?  

When t h e  c o n t r i b u t i v e  c o n d i t i o n s  y i e l d  c r i t i c a l  f low of a 

s i n g l e - p h a s e  f l u i d ,  a s a l i e n t  f e a t u r e  i s  t h e  e x i s t e n c e  of  a Mach 

number of  u n i t y .  The Mach nun?ber i s  d e f i n e d  as t h e  r a t i o  of  t h e  

f l u i d  v e l o c i t y  a t  a p o i n t  t o  t h e  a c o u s t i c  v e l o c i t y  i n  t h e  f l u i d  

a t  t h e  same p o i n t ;  c o n s e q u e n t l y ,  c r i t i c a l  f low becomes an  i m p o r t a n t  

c o n s i d e r a t i o n  when ac tua l  f l u i d  v e l o c i t i e s  are of t h e  same 

- 
* 

Under l ined  numbers i n  p a r e n t h e s e s  d e s i g n a t e  r e f e r e n c e s  
l i s t e d  a t  t h e  end o f  t h i s  r e p o r t .  
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o r d e r  o f  magni tude as t h e  acoustic v e l o c i t y  of t h e  f l u i d .  For  a 

conve rg ing  p a s s a g e  t h i s  c o n d i t i o n  o c c u r s  a t  t h e  e x i t  w h i l e  f o r  a 

conve rg ing -d ive rg ing  p a s s a g e  t h i s  c o n d i t i o n  o c c u r s  a t  t h e  minimum 

area. The emergence of  t h e  a c o u s t i c  v e l o c i t y  i n  t h e  s t u d y  of 

c r i t i c a l  f low i s  one example o f  t h e  s i g n i f i c a n c e  o f  t h i s  p a r a m e t e r  

i n  t h e  g e n e r a l  f i e l d  of c o m p r e s s i b l e  f low.  

For an  i n c o m p r e s s i b l e  mec?ium, t h e  a c o u s t i c  v e l o c i t y  i s  i n f i n i t e .  

Although water  i s  u s u a l l y  assume2 i n c o m p r e s s i b l e  i n  many a n a l y s e s  I 

it does e x h i b i t  a f i n i t e  c o m p r e s s i b i l i t y  which r e s u l t s  i n  an a c o u s t i c  

v e l o c i t y  of approximately 5000  f t / s e c .  Fo r  a i r  a t  room t e m p e r a t u r e  

t h e  a c o u s t i c  v e l o c i t y  i s  around 1 1 2 0  f t / s e c .  C o n s i d e r i n g  water- 

a i r  a s  a t y p i c a l  two-phase m i x t u r e ,  i t  might  appea r  t h a t  p r a c t i c a l  

a p p l i c a t i o n s  i n v o l v i n g  two-phase m i x t u r e s  would n e v e r  i n v o l v e  

r ea l  v e l o c i t i e s  anywhere n e a r  t h e  v a l u e  of t h e  a c o u s t i c  v e l o c i t y  

i n  t h e  gaseous  p h a s e  a l o n e  and ,  c o n s e q u e n t l y ,  c r i t i c a l  f low would 

n o t  be  of  immediate concern .  I t  i s  i n  t h i s  r e g a r d ,  however,  t h a t  

s u r p r i s i n g  r e s u l t s  have been d i s c o v e r e d ;  I n  a s u r v e y  ( 2 )  - of  t h e  

a c o u s t i c  v e l o c i t i e s  of  two-phase m i x t u r e s ,  s i g n i f i c a n t l y  l o w  

v a l u e s  of  a c o u s t i c  v e l o c i t i e s  are  r e p o r t e d  a n a  d i s c u s s e d .  

T rea tmen t  of  two-phase f low i s  c o m p l i c a t e d  by t h e  p o s s i b i l i t y  

o f  a v a r i e t y  of  f low p a t t e r n s .  F i g u r e s  2 and 3, which come from 

r e f e r e n c e  ( 3 )  I , i l l u s t r a t e  s e v e r a l  p a t t e r n s .  C l e a r l y ,  t h e  v a l i d i t y  

o f  t h e  r e s u l t s  of  any s t u d y  s t r o n g l y  depends an hcw a c c u r a t e l y  t h e  

Slow mechanism can b e  d e s c r i b e d .  The phase  i n t e r a c t i o n s  which 

produce  t h e  r e s p e c t i v e  f low p a t t e r n  l e a d  t o  d e f i n i t e  a n a l y t i c a l  

d i f f i c u l t i e s  ~ I n  t h e  l i t e r a t u r e  c o n s i d e r a b l e  e f f o r t  has been  

devo ted  t o  t h e  e s t a b l i s h m e n t  o f  an a n a l y t i c a l  model which can  b e  



e f f e c t i v e l y  u t i l i z e d .  i n  making 2ependable  p r e d i c t i o n s ;  however, 

t h e  assumpt ions  b u i l t  i n t o  a model u s u a l l y  l i m i t ,  q u i t e  s e v e r l y  

i n  some cases, i t s  a p p l i c a b i l i t y .  Four  models which have  been 

employed i n  c r i t i c a l  f low a n a l y s e s  are  b r i e f l y  d e s c r i b e d  below. 

The f i r s t  t h r e e  a r e  d e s c r i b e d  i n  r e f e r e n c e  ( 4 )  and t h e  f o u r t h  i s  

d e s c r i b e d  i n  r e f e r e n c e  ( 5 ) .  

- 

1. 

2. 

3 .  

4. 

- 

Homogeneous, -- Thermal E q u i l i b r i u m  Model - The t w o  phases  --. 

are assumed t o  b e  hcmogeneously mixed w i t h  uni form d i s t r i b -  

u t i o n  of t h e  phases  anC t h e r m a l  e q u i l i b r i u m  i s  assumed 

t o  e x i s t  t h r o u g h o u t  t h e  p r o c e s s .  

Separated-?_h_ge-, Vapor Choking Model - The t w o  phases  are 

assumed t o  be  f lowing  s e p a r a t e l y  w i t h  uni form t e m p e r a t u r e  

a t  each  cross s e c t i o n ,  and t h e  c r i t e r i o n  f o r  choking  is  

c o n s i d e r e d  t o  be t h e  c o n d i t i o n  when t h e  vapor  a t t a i n s  

s o n i c  v e l o c i t y .  

- Homogeneous, -__I_ M e t a s t a b l e  Mcdel - The t w o  phases  a re  assumed 

homogeneous w i t h  un i fo rm p r e s s u r e  and t empera tu re ,  b u t  tirre 

h a s  n o t  p e r m i t t e d  any phase  change t o  occur .  

F a u s k e ' s  S 9  Model - An a n n u l a r  t y p e  f low i s  assumed 

w i t h  t h e  l i q u i d  an6  v a p o r ,  which are assumed t o  b e  i n  

e q u i l i b r i u m ,  f lowing  a t  uni form b u t  s e p a r a t e  v e l o c i t i e s .  

-- 

With r e g a r d  t o  c r y o g e n i c  p r o p e l l a n t  s y s t e m s ,  t h e  impor t ance  

of c r i t i c a l  f l o w  i s  d i s c u s s e d  i n  r e f e r e n c e  ( 1 2 )  - which a l so  i n c l u d e s  

comparisons of e x p e r i m e n t a l  d a t a  f o r  c r i t i c a l  f low of two-phase 

n i t r o g e n  w i t h  c e r t a i n  t h e o r e t i c a l  models.  

Some i n s i g h t  i n t o  t h e  c o r r e l a t i o n  between c r i t i c a l  f l o w ,  

a c o u s t i c  v e l o c i t y ,  and t h e  p h y s i c a l  model may be  g a i n e d  by c o n s i d e r a t i o n  
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o f  a b r i e f  ma themat i ca l  d e s c r i p t i o n .  A one-d imens iona l  s t e a d y  

s t a t e  a n a l y s i s  ( 3 )  - w i l l  e v e n t u a l l y  l e a d  t o  an e x p r e s s i o n  f o r  t h e  

p r e s s u r e  g r a d i e n t  of t h e  form: 

The terms i n  t h e  numera to r  on t h e  r i g h t - h a n d  s i d e  of  e q u a t i o n  (1) 

r e p r e s e n t  f a c t o r s  which c o n t r i b u t e  t o  t h e  p r e s s u r e  v a r i a t i o n  i n  

t h e  d i r e c t i o n  o f  f low.  The i n f l u e n c e  of f r i c t i o n ,  p h a s e  change ,  

area change,  and g r a v i t y  on t h e  p r e s s u r e  g r a d i e n t  i s  e x p r e s s e d ,  

r e s p e c t i v e l y ,  by C 

i n f l u e n c e  c o e f f i c i e n t s .  

C x ,  CA,  and C . These c o e f f i c i e n t s  are c a l l e d  
f ‘  4 

The t e r m  M2 i n  t h e  denominator  may be  

i n t e r p r e t e d  t o  have t h e  same s i g n i f i c a n c e  as t h e  Mach number i n  

s i n g l e - p h a s e  f low s i n c e  c r i t i c a l  f l ow c o r r e s p o n d s  t o  an i n f i n i t e  
+k. 

p r e s s u r e  g r a d i e n t  which results i n  e q u a t i o n  (1) when PI2 i s  u n i t y .  

Accord ing ly ,  an e x p r e s s i o n  f e r  an e q u i v a l e n t  a c o u s t i c  v e l o c i t y  i n  

a two-phase m i x t u r e  may b e  d e a u c t e d  from an  e x p r e s s i o n  f o r  t h e  

p r e s s u r e  g r a d i e n t .  T h i s ,  however,  depends s t r o n g l y  on t h e  p h y s i c a l  

f l ow p a t t e r n  which i s  p r e v a l e n t  i n  a g i v e n  s i t u a t i o n .  Fo r  example,  

t h e  f r i c t i o n a l  c o n t r i b u t i o n  i n  e q u a t i o n  (1) w i l l  s t r o n g l y  depend 

on t h e  d i s p e r s i o n  o f  t h e  two p h a s e s .  The p o s s i b l e  ex t r emes  are 

i n d i c a t e d  i n  F i g u r e s  2 and 3. I n  a s ingle-component  s i . t u a t i o n  

t h e  p h a s e  change t e r m  may be  v e r y  s i g n i f i c a n t  w h i l e  i n  a two- 

component s i t u a t i o n  t h e  c o n t r i b u t i o n  of  t h e  p h a s e  change t e r m  

may be  v e r y  smal l .  

For  t h e  c a s e  of  d - i s t i n c t  phase  s e p a r a t i o n ,  a p r e s s u r e  a i s t u r -  

bance  would p r o b a b l y  t r a v e l  th rough  one phase  a t  a Z i f f e r e n t  
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v e l o c i t y  t h a n  i t  would t r a v e l  th rough  t h e  o t h e r  phase .  R e l a t i v e  

d i s p e r s i o n  of phases  would a l so  c o n t r i b u t e  t o  a t t e n u a t i o n  of t h e  

d i s t u r b a n c e  as w e l l  as c a u s i n g  o t h e r  e f f e c t s  such  as s c a t t e r i n g .  

d o n s e q u e n t l y ,  r e f e r e n c e s  i n  t h i s  r e p o r t  t o  t h e  a c o u s t i c  v e l o c i t y  

s h o u l d  b e  i n t e r p r e t e d  f r o m  t h e  v i e w p o i n t  t h a t  t h e  two-phase m i x t u r e  

i s  a pseud.0-f luid.  T h i s  i m p l i e s  t h a t  t h e  m i x t u r e  is  a homogeneous 

mdium w i t h  un i fo rmly  d i s p e r s e d  p h a s e s  such  t h a t  an  a v e r a g e  d e n s i t y  

h a s  meaning t h r o u g h o u t  t h e  sys t em on a d i f fe ren t ia l  basis and, a c c o r d i n g l y ,  

the mdim behaves as a s i n g l e - p h a s e  f l u i d  p o s s e s s i n g  a d e n s i t y  

e q u a l  t o  t h e  a v e r a g e  d e n s i t y  o f  t h e  m i x t u r e .  

ACOUSTIC VELOCITY CALCULATIONS -- - 

P h y s i c a l  Model 
-I__ 

For  t h e  c a l c u l a t i o n s  r e p o r t e d  i n  t h i s  work, t h e  two-phase 

m i x t u r e  i s  assumed t o  be  a p s e u d o - f l u i d  as mentioned p r e v i o u s l y .  

The ~ d i u m  is assumed t o  b e  homogeneous w i t h  t h e  p h a s e s  un i fo rmly  

d i s p e r s e d  such  t h a t  mean or  a v e r a g e  d e n s i t i t e s  have meaning on a 

d i f f e r e n t i a l  b a s i s .  The b e h a v i o r  of  the rnedium i s  assumed t o  be  

such  t h a t  a c o u s t i c  v e l o c i t i e s  have s i g n i f i c a n c e  as t h e  speed  o f  

an i n f i n i t e s i m a l  p r e s s u r e  d i s t u r b a n c e  whereas  e f f e c t s  such  as 

d i s p e r s i o n ,  s c a t t e r i n g ,  and a t t e n t u a t i o n  are n o t  c o n s i d e r e a .  

B a s  i c D e  f i n i  ti ons 

For  t h e  two-phase m i x t u r e ,  p r o p e r t i e s  o f  t h e  gaseous  or  vapor  

phase  are deno ted  w i t h  a s u b s c r i p t  2 w h i l e  t h o s e  f o r  t h e  l i q u i d  
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phase  are deno ted  w i t h  a s u b s c r i p t  1. For  t h e  case of a s i n g l e  

component m i x t u r e  under  t h e  r e s t r i c t i o n  of  thermodynamic e q u i l i b r i u m ,  

t h e s e  t h e n  d e n o t e  s a t u r a t i o n  p r o p e r t i e s .  

Q u a l i t y  i s  cief ined as t h e  mass f r a c t i o n  of t h e  m i x t u r e  which 

i s  i n  t h e  gaseous  phase .  

m2 
ml + m2 

- m2 
m 

x = - -  

S i m i l a r l y ,  t h e  v o i d  f r a c t i o n  i s  Z e f i n e d  as  a volume f r a c t i o n .  

The ave rage  s p e c i f i c  volume cam be  e x p r e s s e d  as: 

v =  xv + (l-x)v1 2 ( 4 )  

The ave rage  d e n s i t y  can b e  e x p r e s s e d  as: 

- 
p = ap2 + ( l - a ) p l  ( 5 )  

A n a l y s i s  of t h e  v e l o c i t y  o f  p r o p a g a t i o n  of an i n f i n i t e s i m a l  

p r e s s u r e  d i s t u r b a n c e  through a pure substance yields (1) - : 

The i s e n t r o p i c  c o m p r e s s i b i ~ i t y  i s  Ciefined as:  

1 av 

S 
= - v (32-] 
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T h e r e f o r e ,  combina t ion  o f  e q u a t i o n s  ( 6 )  and ( 7 )  y i e l d s :  

2 gc 
BP 

c = -  

For an i d e a l  gas ,  e q u a t i o n  ( 6 )  g i v e s :  

C2 = K g s  ( 9 )  

Computa t iona l  Models 
_/- 

The two cases, s ingle-component  and two-component two-phase 

m i x t u r e s ,  which a r e  consitleredl i n  t h i s  r e p o r t  are d i s c u s s e d  q u i t e  

e x t e n s i v e l y  i n  r e f e r e n c e  ( 2 ) .  - A &stailed a n a l y s i s  and. e x p e r i m e n t a l  

s t u d y  of t h e  p r o p a g a t i o n  of p r e s s u r e  p u l s e s  th rough  a m i x t u r e  of 

steam anC water i s  r e p o r t e d  i n  r e f e r e n c e  ( 6 ) .  - The r e s u l t s  p r e s e n t e d  

i n  r e f e r e n c e  ( 2 )  f o r  a two-component m i x t u r e  a r e  f o r  water mixed 

w i t h  v a r i o u s  gases. Tne pu rpose  of  t h i s  stucly w a s  t o  u t i l i z e  t h e  

- 

ava i l ab le  models t o  c a l c u l a t e  v a l u e s  f o r  c e r t a i n  c r y o g e n i c  f l u i d s  

t h a t  might  be  used i n  p r o p e l l a n t  s u p p l y  sys t ems .  

D i r e c t  e v a l A a t i o n  o f  a c o u s t i c  v e l o c i t i e s  c o u l d  b e  made u s i n g  

e q u a t i o n  ( 6 )  p r o v i d e d  an  a p p r o p r i a t e  S e n s i t y ,  p r e s s u r e ,  and e n t r o p y  

r e l a t i o n s h i p  c o u l d  b e  w r i t t e n ; .  however,  t h i s  e n t a i l s  C e a l i n g  w i t h  

t h e  c o m p l e x i t i e s  of a v a l i d  e q u a t i o n  of s ta te .  

Model 1 --- 

The f i r s t  model c o n s i d e r e d  w a s  b a s e d  on t h e  computa t ion  

p r o c e d u r e  f o r  a s ingle-component  two-phase m i x t u r e  u t i l i z e d  i n  

r e f e r e n c e  ( 6 )  - f o r  water an6 steam. Equa t ion  ( 6 )  w a s  recas t  i n  

t e r m s  o f  s a t u r a t i o n  p r o p e r t i e s  an6  d e r i v a t i e s  of  s a t u r a t i o n  p r o p e r t i e s .  
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The d e r i v a t i v i e s  w e r e  approximated  w i t h  f i n i t e  d i f f e r e n c e s  u s i n g  

t a b u l a t e d  s a t u r a t i o n  v a l u e s .  

Fo r  t h e  assumpt ions  of  a homogeneous m i x t u r e  i n  thermodynamic 

e q u i l i b r i u m ,  t h e  a v e r a g e  s p e c i f i c  volume g i v e n  by e q u a t i o n  ( 4 )  w a s  

u sed  i n  e q u a t i o n  ( 6 )  t o  g i v e :  

T h i s  e q u a t i o n  i n v o l v e s  o n l y  s a t u r a t i o n  p r o p e r t i e s  an6  t h e i r  

d e r i v a t i v e s  w i t h  

( 1 0 )  is  i n c l u d e d  

Model 2 

r e s p e c t  t o  p r e s s u r e .  The d e r i v a t i o n  of  e q u a t i o n  

i n  t h e  Appendix. 

The second  model c o n s i c e r e d  was p r i m a r i l y  a p p l i c a b l e  t o  t w o -  

component two-phase m i x t u r e s  b u t  w a s  also used  f o r  some s i n g l e -  

component m i x t u r e s  f o r  comparison p u r p o s e s .  B a s i c a l l y ,  t h e  model 

i s  b a s e d  on t h e  assumpt ions  t h a t  t h e  gaseous  p h a s e  i s  an  i d e a l  

g a s ,  t h e  l i q u i d  h a s  a c o n s t a n t  i s e n t r o p i c  c o m p r e s s i b i l i t y ,  t h e  

q u a l i t y  remains  c o n s t a n t ,  and t h e  p r e s s u r e  d i s t u r b a n c e  i s  i s e n -  

t r o p i c .  I n  r e f e r e n c e  ( 2 ) ’  - where t h e  a n a l y t i c a l  d e r i v a t i o n  i s  

p r e s e n t e d ,  r e s u l t s  are g i v e n  f o r  m i x t u r e s  of water  w i t h  v a r i o u s  

g a s e s ,  I n  t h o s e  c a l c u l a t i o n s  assumpt ions  t h a t  t h e  vapor  p r e s s u r e  

of t h e  l i q u i d  w a s  n e g l i g i b l e  and  t h a t  t h e  gas w a s  i n s o l u b l e  i n  

t h e  l i q u i d  w e r e  a l so  i n c l u d e d .  

The e q u a t i o n  used  f o r  computa t ions  w a s  

= 
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where 

X c p = -  
1-x 

The d e r i v a t i o n  of  e q u a t i o n  (11) i s  a l s o  i n c l u d e d  i n  t h e  Appendix.  

Model 3 

The t h i r d  model f o l l o w s  frorr, r e f e r e n c e  ( 3 ) .  - An e x p r e s s i o n  

f o r  t h e  s p e e d  o f  a c o m p r e s s i b i l i t y  wave w a s  deduced from a r e l a t i o n  

f o r  t h e  p r e s s u r e  g r a d i e n t .  A s  ment ioned ear l ier ,  t n i s  may be  

r e g a r d e d  as an e f f e c t i v e  a c o u s t i c  v e l o c i t y .  The s a m e  e x p r e s s i o n  

can be  o b t a i n e a  from e q u a t i o n  ( 6 )  p r o v i d e d  t h e  d i f f e r e n t i a t i o n  i s  

i n t e r p r e t e d  p r o p e r l y .  T h i s  i s  i n c l u d e d  i n  t h e  Appendix.  I n  e i t h e r  

case t h e  model i s  basea on t h e  assumpt ion  t h a t  t h e  p r e s s u r e  d i s t u r -  

bance  t ravels  th rough  t h e  m i x t u r e  w i t h o u t  any p h a s e  change. The 

e x p r e s s i o n  which was u s e 6  for c a l c u l a t i o n s  i s :  

Computa t iona l  P r o c e d u r e s  2 - _____~- -  ~ - - -- 

For  e a c h  model computer prcgrams w e r e  w r i t t e n  t o  pe r fo rm 

t h e  n e c e s s a r y  c a l c u l a t i o n s  as a f u n c t i o n  o f  q u a l i t y  o r  v o i d  f r a c t i o n .  

Fo r  each  t e n p e r a t u r e  o r  p r e s s u r e ,  s a l i e n t  d a t a  w e r e  s u p p l i e d  as 

i n p u t  t o  t h e  programs.  

Model 1 -- 
Use of  e q u a t i o n  ( 1 0 )  r e q u i r e d  e x t e n s i v e  s a t u r a t i o n  d a t a .  The 

s a t u r a t i o n  d a t a  which w a s  f i n a l l y  a c q u i r e d  w a s  t a b u l a t e d  i n  
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c o n v e n i e n t  i n c r e m e n t s  o f  t e m p e r a t u r e  r a t h e r  t h a n  p r e s s u r e :  t h e r e f o r e ,  

i n  each  case d e r i v a t i v e s  w i t h  r e s p e c t  t o  p r e s s u r e  were ob ta ine i i  f r o m  

dvl dT 
d p -  dT dP 

-- dvl - 

where v1 i s  r e p r e s e n t i v e  of any p r o p e r t y  i n v o l v e d .  The d e r i v a t i v e s  

w i t h  r e s p e c t  t o  t e m p e r a t u r e  w e r e  approximated  by f i n i t e  d i f f e r e n c e s  

u s i n g  t a b u l a t e d  v a l u e s .  

Fo r  n i t r o g e n  and oxygen, v a l u e s  of dT/Cip w e r e  o b t a i n e d  by d i f f e r -  

e n t i a t i o n  of  t h e  vapor  p r e s s u r e  e q u a t i o n .  For  n i t r o g e n ,  s a t u r a t i o n  

p r o p e r t i e s  and t h e  vapor  p r e s s u r e  e q u a t i o n  w e r e  o b t a i n e d  f rom 

r e f e r e n c e  ( 8 ) .  - For  oxygen, s i m i l a r  q u a n t i t i e s  w e r e  o b t a i n e d  from 

r e f e r e n c e  ( 7 ) .  - For  parahydrogen  dT 

C l a p e y r o n ’ s  e q u a t i o n .  

w a s  e v a l u a t e d  u s i n g  
/dP 

S a t u r a t i o n  v a l u e s  were o b t a i n e d  from r e f e r e n c e  (9) - e 

Model 2 

Equa t ion  (11) i s  w r i t t e n  t o  y i e l d  a r a t i o  of t h e  a c o u s t i c  

v e l o c i t y  of  t h e  m i x t u r e  t o  t h e  a c o u s t i c  v e l o c i t y  o f  p h a s e  2 .  

S i n c e  p h a s e  2 i s  assumed t o  b e  an i d e a l  g a s ,  i t s  a c o u s t i c  v e l o c i t y  

i s  g i v e n  by e q u a t i o n  ( 9 ) .  
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I n  r e f e r e n c e  (21, e q u a t i o n  (11) w a s  u sed  t o  c a l c u l a t e  v a l u e s  

f o r  m i x t u r e s  o f  water w i t h  v z r i o u s  g a s e s .  The vapor  p r e s s u r e  o f  

t h e  water  was assumed t o  b e  n e g l i g i b l e  i n  e a c h  case compare6 t o  

t h e  t o t a l  p r e s s u r e .  For t h i s  r e p o r t ,  c a l c u l a t i o n s  w e r e  made f o r  

oxygen-helium and hydrogen-helium m i x t u r e s .  Fo r  t h e  t e m p e r a t u r e  

and p r e s s u r e  v a l u e s  c o n s i d e r e d ,  t h e  vapor  p r e s s u r e  o f  t h e  l i q u i d  

appeared  t o  be  s i g n i f i c a n t ;  t h e r e f o r e ,  phase  2 w a s  s t i l l  assume2 

t o  be  an i a e a l  gas hav ing  p r o p e r t i e s  i n d i c a t i v e  of  an i d e a l  g a s  

m i x t u r e  of  t h e  two constituents. The p a r t i a l  p r e s s u r e  of  t h e  

vapor  i n  t h e  m i x t u r e  was t a k e n  as t h e  s a t u r a t i o n  p r e s s u r e  f o r  t h e  

s p e c i f i e d .  t e m p e r a t u r e .  S p e c i f i c  h e a t  v a l u e s  w e r e  o b t a i n e d  from 

r e f e r e n c e  (10) - . Values  f o r  t h e  i s e n t r o p i c  c o K p r e s s i b i l i t y  w e r e  

o b t a i n e z  i n d i r e c t l y  from r e f e r e n c e  (11) - by u s i n g  v a l u e s  of t h e  

a c o u s t i c  v e l o c i t y  O f  t h e  l i q u i d  tagether w i t h  eqiation (8 ) .  

Moclel 3 . 

D e n s i t i e s  and a c o u s t i c  v e l o c i t i e s  of t h e  s e p a r a t e  p h a s e s  

w e r e  r e q u i r e d  f o r  c a l c u l a t i o n s  u s i n g  e q u a t i o n  (13). D e n s i t y  

v a l u e s  f o r  n i t r o g e n  and oxygen w e r e  o b t a i n e d  from. r e f e r e n c e s  ( 8 )  - 

and ( 7 )  - , r e s p e c t i v e l y .  A c o u s t i c  v e l o c i t i e s  f o r  t h e  r e s F e c t i v e  p h a s e s  

of n i t r o g e n  ana  oxygen w e r e  o b t a i n e d  from r e f e r e n c e  (11). - An 

e x t e n s i v e  r ange  of  p r o p e r t i e s  f o r  parahydrogen  w e r e  ava i lab le  i n  

r e f e r e n c e  ( 9 )  - . T h i s  p e r m i t t e d  c a l c u l a t i o n s  f o r  parahydrogen  o v e r  

a w i d e r  r ange  o f  c o n d i t i o n s .  

DISCUSSION OF PaSULTS 

The r e s u l t s  of t h e  c a l c u l a t i o n s  by Model 1 f o r  s i n g l e  

component tsJo-phase m i x t u r e s  o f  n i t r o g e n ,  oxygen, and parahydrogen  
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are p r e s e n t e d  i n  F i g u r e s  4 t h rough  9 .  I n  F i g u r e s  4 ,  6 ,  and 8 

a c o u s t i c  v e l o c i t i e s  are p l o t t e d  as a f u n c t i o n  o f  s a t u r a t i o n  p r e s s u r e  

f o r  v a r i o u s  q u a l i t i e s .  I n  F i g u r e s  5 ,  7 ,  and  9 t h e y  are p l o t t e d  

as a f u n c t i o n  o f  q u a l i t y  f o r  c e r t a i n  s a t u r a t i o n  p r e s s u r e s .  Fo r  a 

g i v e n  s a t u r a t i o n  p r e s s u r e ,  t h e  a c o u s t i c  v e l o c i t y  i n c r e a s e s  w i t h  

q u a l i t y .  Very s m a l l  v a l u e s  are s e e n  t o  e x i s t  n e a r  t h e  s a t u r a t e d  

l i q u i d  l i n e  i n  t h e  two-phase r e g i o n  f o r  a l l  t h r e e  s u b s t a n c e s .  

T h i s  b e h a v i o r  i s  due t o  t h e  assumpt ion  of  thermodynamic e q u i l i b r i u m  

incorpora t ed .  i n  model 1. A s  d i s c u s s e d  i n  r e f e r e n c e  ( 6 1 ,  - a smal l  

p r e s s u r e  change c a u s e s  a r e l a t i v e l y  l a r g e  change i n  t h e  mean d e n s i t y  

as long  as some vapor  i s  p r e s e n t .  Because of  t h e  r e l a t i v e l y  large 

v a l u e s  o f  a c o u s t i c  v e l o c i t y  i n  t h e  p u r e  l i q u i d  p h a s e ,  t h i s  model 

s u g g e s t s  a G i s c o n t i n u i t y  i n  t h e  a c o u s t i c  v e l o c i t y  a t  t h e  s a t u r a t e d  

l i q u i d  l i n e .  

F i g u r e s  1 0 ,  11, and 1 2  i l l u s t r a t e  t h e  r e s u l t s  from a l l  t h r e e  

models f o r  s i n g l e  component two-phase m i x t u r e s  of  n i t r o g e n ,  

oxygen, an?. parahyzrogen  r e s p e c t i v e l y .  I n  t h e s e  f i g u r e s  v a l u e s  of 

a c o u s t i c  v e l o c i t y  are p l o t t e l  as a f u n c t i o n  o f  v o i d  f r a c t i o n  f o r  

s a t u r a t i o n  c o n d i t i o n s  n e a r  one atmosphere p r e s s u r e .  P-lodels 2 

an2 3 y i e l c !  s i m i l a r  t r e n s s .  Fo r  v o i i  f r a c t i o n  v a l u e s  less t h a n  

2 p e r  c e n t  t h e  a c o u s t i c  v e l o c i t y  d r o p s  v e r y  r a p i d l y  from i t s  va lue  

i n  t h e  l i qu ic i .  A minimum v a l u e  i s  p r e d i c t e d  i n  t h e  v i n c i n i t y  of 

a v o i d  f r a c t i c n  o f  50  p e r  c e n t .  Mo6el 2 ,  which i n c o r p o r a t e s  t h e  

assumpt ion  t h a t  t h e  vapor  i s  an  i d e a l  g a s ,  y i e l s s  lower  v a l u e s  

t h a n  6oes  model 3 o v e r  most of t h e  r ange  of v o i d  f r a c t i o n ;  how- 

ever, t h e  c u r v e  f o r  model 2 crosses t h a t  f o r  model l a t  h i g h e r  
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v o i d  f r a c t i o n s .  F i g u r e  1 3  compares a l l  t h r e e  models f o r  parahy-  

drogen  a t  a c o n s i d e r a b l y  h i g h e r  p r e s s u r e .  The void f r a c t i o n  

v a l u e  where t h e  c u r v e s  cross i s  s e e n  t o  d e c r e a s e  w i t h  an  i n c r e a s e  

i n  p r e s s u r e .  T h i s  c h a r a c t e r i s t i c  i s  p r o b a b l y  due t o  t h e  i d e a l  

g a s  assumpt ion .  

While t h e  p e r c e n t a g e  e r r o r  between models 2 anc5 3 i s  s i g n i f -  

i c a n t  o v e r  most of  t h e  r ange  o f  v o i a  f r a c t i o n ,  t h e  G e v i a t i o n  of  

model 1 from models 2 an6 3 i s  remarkably l a r g e  and i n c r e a s e s  w i t h  

a Zecrease ir, v o i d  f r a c t i o n .  T h i s  i l l u s t r a t e s  q u i t e  v i v i d l y  t h e  

i n f l u e n c e  of  t h e  a s sumpt ions .  Mod-els 2 a n 6  3 omi t  t h e  p o s s i b i l i t y  

f o r  any phase  change w h i l e  mozel 1 invokes  t h e  n e c e s s a r y  phase  

change t o  p e r m i t  thermodynamic e q u i l i b r i u m  t o  e x i s t .  

F i g u r e  1 4  i l l u s t r a t e s  t h e  i n f l u e n c e  o f  s a t u r a t i o n  p r e s s u r e  

and t e m p e r a t u r e  on t h e  c a l c u l a t i o n s  by model 3 f o r  parahydrogen .  

For  t h e  l i q u i c i ,  a c o u s t i c  v e l o c i t y  v a l u e s  3 .ecrease w i t h  an i n c r e a s e  

i n  t e m p e r a t u r e  and p r e s s u r e .  E u t  o v e r  most o f  t h e  r ange  o f  v o i d  

f r a c t i o n ,  t h e  v a l u e s  i n c r e a s e  w i t h  t e m p e r a t u r e  and p r e s s u r e .  

R e s u l t s  f o r  two-component two-phase m i x t u r e s  of oxygen anC 

he l ium are g i v e n  i n  F i g u r e s  1 5  th rough  1 9 .  These w e r e  obtained.  

u s i n g  model 2 .  F i g u r e s  15  th rough  1 8  i l l u s t r a t e  t h e  i n f l u e n c e  

of  p r e s s u r e  f o r  f i x e d  t e n p e r a t u r e s .  For  a g i v e n  t e m p e r a t u r e  a n c  

v o i d  f r a c t i o n  t h e  a c o u s t i c  v e l o c i t y  i n c r e a s e s  w i t h  p r e s s u r e .  

F i g u r e  1 9  illustrates a s l i g h t  t e m p e r a t u r e  i n f l u e n c e  f o r  a g i v e n  

p r e s s u r e .  S i m i l a r  b e h a v i o r  i s  i l l u s t r a t e d  i n  F i g u r e s  2 0  t h rough  

2 2  f o r  hyerogen-hel ium m i x t u r e s .  The Ci i f fe rence  i n  b e h a v i o r  a t  a 

v o i d  f r a c t i o n  n e a r  1 0 0  p e r  c e n t  f o r  t h e  oxygen-helium m i x t u r e  
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sham i n  Figure 19 compared to tha t  for  the hydrogen-heliummixtm shown 

i n  figure 22 can be explained by the f a c t  that e l  2 incorporates the 

a s s q t i o n  that phase 2 is an ideal gas mixture of the two constituents. 

Because of the relative rragnitudes of the mlecular weights of oxygen, 

hydrogen, and helium, a tenperatwe increase has a larger influen- on 

decreasing the gas constant for  the oxygen-helium mixture than it does for 

the hydrogen-helium mixture. Eguation (9) shows tha t  a decrease in  the 

gas constant counteracts the influence of an increase i n  tenperature on 

the acoustic velocity. 

fraction is displayed in all cases. 

The characterist ic minimum near 50 per cent void 



CONCLUSIONS 

P r e c i s e  a c o u s t i c  v e l o c i t y  v a l u e s  are neededi i n  two-phase 

c o m p r e s s i b l e  f low work i n  o r d e r  t o  s u p p o r t  dependable  d e s i g n  c a l c u -  

l a t i o n s .  C a l c u l a t e d  v a l u e s  of  a c o u s t i c  v e l o c i t i e s  for  n i t r o g e n ,  

oxygen, and parahydrogen  g i v e n  i n  t h i s  report d e m o n s t r a t e  l a r g e  

v a r i a t i o n s  depending  on t h e  model employed f o r  t h e  computa t ions .  

Near t h e  s a t u r a t e d  vapor  l i n e  a l l  t h r e e  models p r e d i c t  r e a s o n a b l e  

v a l u e s ;  however,  n e a r  t h e  s a t u r a t e d  l i q u i d  l i n e ,  t h e  model which 

invokes  thermodynamic e q u i l i b r i u m  y i e l d s  e x t r e m e l y  low v a l u e s .  

I n  t h i s  l a t t e r  r e g i o n ,  a c o u s t i c  v e l o c i t y  v a l u e s  are p r e d i c t e d  t h a t  

are lower  t h a n  t h c s e  i n  t h e  l i q u i a  by fac tors  close to 300. T h i s  f e a t u r e  

v i v i d l y  i l l u s t r a t e s  t h e  impor t ance  of unde r s  t a n d i n g  the physics assocSi- 

ated w i t h  two-phase f low.  

I n  r e f e r e n c e  ( 2 ) ,  - it i s  repor ted .  t h a t  e x p e r i m e n t a l  r e s u l t s  

a v a i l a b l e  f o r  w a t e r - a i r  m i x t u r e s  a g r e e  w e l l  w i t h  t h e  p r e d i c t i o n s  

f o r  two-component two-phase m i x t u r e s .  Elodel 2 i n  t h i s  r e p o r t  

c o r r e s p o n d s  t o  a n a l y t i c a l  p r e d i c t i o n s  r e p o r t e d  t h e r e .  However, 

a d d i t i o n a l  e x p e r i m e n t a t i o n  i s  needee  f o r  two-component two-phase 

m i x t u r e s  where t h e  vapor  p r e s s u r e  i s  s i g n i f i c a n t  compare5 t o  t h e  

t o t a l  p r e s s u r e .  

K h i l e  i n v e s t i g a t i o n s  of c r i t i c a l  f low have  been per formed,  

t h e  need f o r  a d - d i t i o n a l  s t u d y  i s  a p p a r e n t ,  e s p e c i a l l y  i n  t h e  r e l a t e d  

area of  a c o u s t i c  v e l o c i t y .  A d d i t i o n a l  c o r r e l a t i o n  o f  t h e  cha rac -  

t e r i s t ics  of  v a r i o u s  f low mechanisms would b e n e f i t  b o t h  i n t e r e s t s .  

With regard t o  c r i t i c a l  f l o w ,  it was recommended i n  r e f e r e n c e  ( 4  ) 

t h a t  t h e  vapor  choking model b e  used  a t  h i g h e r  q u a l i t i e s  a n c  t h e  
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homogeneous models be  used as ipper an6 lot e r  l i m i t s  f o r  v a r i a b l e  

area f low a t  l o w  q u a l i t i e s .  With r e g a r d  to acous t ic  v e l o c i t i e s ,  

t h e  homogeneous models s t u d i e d  i n  t h i s  r e p o r t  y i e l d  upper  and l o w e r  

bounds a t  low q u a l i t i e s  t h a t  a r e  s e p a r a t e d  by s e v e r a l  hundred 

p e r  c e n t .  C e r t a i n l y ,  expe r imen ta l  e f f o r t  i s  needed i n  t h i s  area. 

There a p p e a r  t o  be no d i r e c t  e x p e r i m e n t a l  measurements 

a v a i l a b l e  f o r  a c o u s t i c  v e l o c i t i e s  i n  s ingle-component  two-phase 

m i x t u r e s .  A d d i t i o n a l  e x p e r i m e n t a t i o n  i s  c e r t a i n l y  needed t o  

c o r r e l a t e  a c o u s t i c  v e l o c i t i e s  w i t h  v a r i o u s  two-phase f low p a t t e r n s  

and t h e i r  r e s p e c t i v e  c h a r a c t e r i s t i c s .  Such d a t a  i s  e s p e c i a l l y  needed 

i n  s ingle-component  two-phase s t u d i e s  w h e r e  t h e  c o n t r i b u t i o n  of 

phase change i s  p r e v a l e n t  and,  accord.ing t o  t h e  comparisons made 

i n  t h i s  r e p o r t ,  q u i t e  l a r g e .  
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F i g u r e  1: Schematic R e p r e s e n t a t i o n  of Choked Flow 
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F i g u r e  15: A c o u s t i c  V e l o c i t y  as a F u n c t i o n  of V o i d  F r a c t i o n  

for Two-Phase Oxygen-Helium By Model 2.  
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F i g u r e  16:  Acous t i c  Velocity as a Func t ion  of V o i d  F r a c t i o n  

for Two-Phase Oxygen-Helium B y  Model 2, 
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F i g u r e  17: A c o u s t i c  V e l o c i t y  as a Func t ion  of Void F r a c t i o n  

f o r  Two-Phase Oxygen-Helium By Model 2 .  
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F i g u r e  1 8 :  A c o u s t i c  V e l o c i t y  as a Func t ion  of Yoid F r a c t i o n  

f o r  Two-Phase Oxygen-Helium B y  Model 2.  
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F i g u r e  1 9 :  E f f e c t  of  Temperature  on A c o u s t i c  Veloci t ies  
of Two-Phase Oxygen-Helium 3y Model 2 .  
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F i g u r e  20 :  A c o u s t i c  V e l o c i t y  a s  a F u n c t i o n  of Void F r a c t i o n  

for Two-Phase Hydrogen-Helium B y  Model 2. 
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F i g u r e  21: A c o u s t i c  V e l o c i t y  as a F u n c t i o n  of V o i d  F r a c t i o n  

f o r  Two-Phase Hydrogen-Helium By MoGel 2 .  
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Figure 22: Effect of T9mperature on Acoustic Velocities 
of Two-Phase Hydrogen-Helium By Model 2. 
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APPENDIX - 
D e r i v a t i o n s  f o r  t h e  models used 

r e p o r t  have been r e p o r t e d  p r e v i o u s l y  

i n t h e  c a l c u l a t i o n s  of t h i s  

i n  t h e  l i t e r a t u r e ;  however, 

t hey  a r e  reviewed h e r e  f o r  i n t e r n a l  c o n s i s t e n c y .  

Model 1 -- 
The d e r i v a t i o n  of e q u a t i o n  ( 1 0 )  i s  r e p o r t e d  i n  r e f e r e n c e  ( 6 ) .  - 

Consider  e q u a t i o n  ( 6 ) .  

For  t h e  pseudo f l u i d ,  v i s  r e p l a c e d  by t h e  mean s p e c i f i c  volume 

g iven  by e q u a t i o n  ( 4 ) .  

i . e .  

where 

D i f f e r e n t i a t i o n  of e q u a t i o n  ( A - 2 )  y i e l d s :  

( A - 1 )  

(A-3)  



The d e r i v a t i v e s  of  VI anC v2 are w r i t t e n  a s  t o t a l  d e r i v a t i v  

s i n c e  VI and v2 a r e  s a t u r a t i o n  v a l u e s  which can be  e x p r e s s e d  as 

f u n c t i o n s  on ly  of t h e  p r e s s u r e .  The e n t r o p y  p e r  h of t h e  

mix tu re  is:  

- 
s = s1 + X(S2 - s,) 

D i f f e r e n t i a t i o n  of e q u a t i o n  (A-4)  w i t h  r e s p e c t  t o  p r e s s u r e  y i e l d s :  

For  an i s e n t r o p i c  p r o c e s s  s = c o n s t a n t .  Then 

= o  & 
dp 

and e q u a t i o n  (A-5) t hen  g i v e s :  

(A-6) 

S u b s t i t u t i o n  of e q u a t i o n  (A-7) i n t o  e q u a t i o n  (A-3)  g i v e s :  



ence ( 2  - 1 .  some of t h e  s t e p s  are i n c l u 2 e d  h e r e  f o r  r e f e r e n c e .  

Combination of e q u a t i o n s  ( 4 )  an6 ( 1 2 )  g i v e s :  

l+$ - 1 v - - V I  
4 v2 = - 

(P 
(A-9 )  

Thermodynamic p r o p e r t y  r e l a t i o n s  f o r  phase  1 and phase  2 g i v e :  

d s 2  = Cv2dT + Pdv2 

F o r  an i s e n t r o p i c  p r e s s u r e  d i s t u r b a n c e ,  

d(m) = m l d s l  + m2&2 = 0 

mlCvldT + mlPdvl + mp2dT + m2Pdv2 = 0 

(A-11) 

( A - 1 2 )  

( A - 1 3 )  



or 

since 

For  convenience ,  

+ PdVl + @Pdv2 = 0 

CV = cvl + %72 

an ave rage  s p e c i f i c  h e a t  i s  w r i t t e n  as 

The r e f  ore 

cvdT + Pdvl + @Pdv2 = 0 

The ideal gas  e q u a t i o n  of s t a t e  y i e l d s !  

Hence 

T - 
C dP + Pdvl + $Pdv2 + - dv2 = 0 

v2 V P  

( A - 1 6 )  

(A-17) 

(24-18) 

( A - 1 9 )  

D i f f e r e n t i o n  of e q u a t i o n  (A-9)  assuming no phase  change y i e l d s :  

(A-20)  

S u b s t i t u t i o n  of e q u a t i o n  (A-20)  i n t o  e q u a t i o n  LA-19) g i v e s :  

( A - 2 1 )  



or 

Equa t ion  ( 7 )  g i v e s  

T h e r e f o r e  

Then 

or 

S u b s t i t u t i o n  of e q u a t i o n  ( A - 2 6 )  i n t o  e q u a t i o n  ( 6 )  yielcs: 

Equa t ion  ( 9 )  i s  used. t o  form a ra t io :  

(A- 2 4)  

( A - 2 5 )  

( A - 2 6 )  



Equa t ion  (A-9)  y i e l d s :  

l + $ P l  
- 5 

P 1 ( 1  + $1 v =  
Then 

Ed2 = 

Equa t ions  ( 4 1 ,  (51 ,  and ( 6 )  are: 

v = xv2 + (1-x) VI 

- 
p = ap + ( l - a )p l  2 

c [E] S 

c 2 = -SI?  
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( 4 1  

( 5 )  

D i f f e r e n t i a t i o n  of e q u a t i o n  ( 4 1  assuming no  p h a s e  change g ives :  

( A - 3 0 )  

One p l a u s i b l e  i n t e r p r e t a t i o n  of t h e  d e r i v a t i v e s  on t h e  r i g h t - h a n z  

side of  e q u a t i o n  ( A - 3 0 )  i s :  

and 

(A-31) 

( A - 3 2 )  



Then 

or 

V o i d  f r a c t i o n  and q u a l i t y  are r e l a t e d  by: 
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(A-34)  

( A-- 3 5 ) 

( l - X ) P  = ( l -a)  p1 (A-36)  

Then combina t ion  of e q u a t i o n s  ( A - 3 4 1 ,  (A-351,  and (A-36) Y i e l d s :  

+ 1 - -  - [up2 + (1-a)P11 
C2 


